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To achieve a good performance of the utility boiler, dynamic variables such as drum pressure, steam tem-
perature and water level of drum must be controlled. In this paper, a linear time invariant (LTI) model of a
boiler system is considered in which the input variables are feed-water and fuel mass rates. However this
dynamic model may associate with uncertainties. With considering the uncertainties of the dynamic
model, a sliding mode controller is designed. After representation of the uncertain dynamic system in
general control configuration and modelling the parametric uncertainties, nominal performance, robust
stability and robust performance are analyzed by the concept of structured singular value l. Using an
algorithm for l-analysis and applying an inversed-base controller, robust stability and nominal perfor-
mance are guaranteed but robust performance is not satisfied. Finally, an optimal robust controller is
designed based on l-synthesis with DK-iteration algorithm. Both optimal robust and sliding mode con-
trollers guarantee robust performance of the system against the uncertainties and result in desired time
responses of the output variables. By applying H1 robust control, system tracks the desire reference
inputs in a less time and with smoother time responses. However, less control efforts, feedwater and fuel
mass rates, are needed when the sliding mode controller is applied.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Boiler unit, that produces steam, is one of the critical compo-
nents of the power plant. This is because the steam flow rate, its
temperature and pressure affect the performance of power plant.
Although the steam production is varied during plant operation,
output variables such as steam pressure, temperature and water
level of drum must be maintained at their respected values. There-
fore, regulation of water level of drum and tracking the load vari-
ation commands of drum pressure and power output are
expected from a boiler–turbine system. However, the physical con-
straints exerted on the actuators must be satisfied by the control
signals. These constraints can be the magnitude and saturation rate
for the control valves of the fuel, steam and feed-water flow [1,2].
Two configurations exist to generate electricity. First, a boiler–tur-
bine unit in which the steam is produced by a single boiler and is
fed to single turbine. In the second one, several boilers generate
steam which is conducted to collector and then distributed to sev-
eral turbines. Industrial plants usually use this type of configura-
tion. As the boiler–turbine has a quick response to the electricity
demands from a power grid, it is preferred to have collector type
systems [3].
ll rights reserved.
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A boiler–turbine unit is a nonlinear complex system. Several dy-
namic models of the boiler system have been developed [4–6] and
there are several simulation packages such as SYNSIM for steam
plants [7]. Various control methods have been applied to boiler
or boiler–turbine controller design, e.g., gain scheduling and feed-
back linearization [1,2], adaptive control [8], Linear Quadratic
Gaussian (LQG) [9], predictive control [10] and intelligent control
[11–13]. Also some aspects related to robust control and mixed
sensitivity [14–16] have been applied in different ways. But in
these works, the parametric uncertainties associated with multi-
variable dynamic model are not considered. In addition, to achieve
a good performance of boiler unit, the application of l-synthesis
based on DK-iteration have not been used in previous studies. A
control system is robust if it is insensitive to differences between
the actual system and the model of the system which was used
to design the controller. These differences are referred to as model
uncertainty. The H1 robust control technique is used to check if the
design specifications are satisfied even for the worst-case uncer-
tainty. In this approach, a mathematical representation of the mod-
el uncertainty is found. Then it is determined if the stability and
performance specifications are satisfied for all plants in the uncer-
tainty set (robust stability and robust performance) [17].

In this paper, a linear time invariant (LTI) model of the boiler
system is considered. The input variables are feedwater mass rate
and fuel mass rate while the output variables are water level of
drum, drum pressure and steam temperature. After modelling
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Fig. 2. Simple schematic of Syncrude plant model [18].
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the parametric uncertainties, a sliding mode controller is designed.
Then the uncertain system is represented in the form of general
control configuration and unstructured uncertainty is considered
in the form of multiplicative input uncertainty. On the other hand,
to achieve the goals of disturbance rejection and command track-
ing, the sensitivity function must have a special shape which is ob-
tained by considering a suitable performance weight function.
Using an algorithm for l-analysis and applying an inversed-base
controller, robust stability and nominal performance are achieved
for perturbed plants. Finally, using l-synthesis with DK-iteration
algorithm, an optimal robust controller is designed. Both optimal
robust controller and sliding mode controller guarantee the robust
performance of the uncertain system.

2. Linear time invariant model of boiler

2.1. Boiler performance

A watertube boiler is considered in which the water flows in the
tubes and fire is supplied around it. The performance of this boiler
is shown in Fig. 1 [18,19]. The input variables u1;u2 and u3 are feed-
water mass rate, fuel mass rate and spray attemperator mass rate
(kg/s) and output variables y1; y2 and y3 are water level of drum
(m), drum pressure (Mpa) and steam temperature (�CÞ,
respectively.

To control the output variables, the real model of utility boiler
system presented by Tan and Marquez [18] is used. To distribute
the steam, this plant utilizes a complex collector system, which
includes collectors at four different pressure levels
(6:306� 4:24� 1:068� 0:372 MpaÞ. As shown in Fig. 2,
6:036 Mpa collector receives steam from three utility-type (UB)
boilers burning refinery gas, three CO-type boilers burning cocker
off gas and refinery gas, and two once-through steam generators
(OTSG’s). Then the steam is distributed through the collector sys-
tem to the several steam turbines to generate electricity.

For proper performance of the boiler system, although, the
amount of steam demanded by users is varied but the steam pres-
sure of the 6:306 Mpa collector must be maintained constant. Also,
to prevent over-heating of drum components or flooding of steam
lines the amount of water in the steam drum must be kept con-
Fig. 1. Schematic of boiler performance [18].
stant. On the other hand, the steam temperature must be main-
tained at the desired level to prevent over-heating of the super-
heaters and to prevent wet steam entering turbines.

2.2. Dynamic model of the boiler system

For the operating point mentioned in the previous section, col-
lecting input–output data on SYNSIM and using the MATLAB Sys-
tems Identification Toolbox, the LTI model for the boiler system
is obtained as follows [7,18]:
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After testing several alternative model structures, it was found
that a third-order model can fit the input–output data fairly well.
After finding the zeros and dominant poles of the transfer functions
of Eq. (1) and according to the results of [2,18–20], water level of
drum y1 mainly is affected by feedwater mass rate u1. Similarly,
the drum pressure y2 and the steam temperature y3 mainly are af-
fected by the fuel mass rate u2 (Appendix A). Also, it can be shown
that the effect of spray attemperator mass rate u3 on output vari-
ables is negligible [18]. So, the transfer function between y1 and
u1 is approximated as follows such that, at least, the time response
of the approximated model to step and ramp inputs are the same
as real model:

Case-1:

G1ðsÞ ¼
Y1ðsÞ
U1ðsÞ

¼ ka

s3 þ a1s2 þ a2sþ a3
ð2aÞ

Using a similar procedure, other transfer functions will be [19]:
Case-2:

G2ðsÞ ¼
Y2ðsÞ
U2ðsÞ

¼ kb

s3 þ b1s2 þ b2sþ b3
ð2bÞ

Case-3:

G3ðsÞ ¼
Y3ðsÞ
U2ðsÞ

¼ kc

s3 þ c1s2 þ c2sþ c3
ð2cÞ

where the constants are given in Table 1.
Table 1
Average values of constants in G1;G2;G3.

�a1 4:7� 10�2 �b1 4:5� 10�2 �c1 1:23� 10�1

�a2 7� 10�4 �b2 6:5� 10�4 �c2 1:7� 10�3

�a3 3:4� 10�6 �b3 3� 10�6 �c3 1:6� 10�6

�ka 1:2� 10�4 �kb 2:5� 10�5 �kc 3:3� 10�3



Fig. 3. General control configuration for the case with model uncertainty.
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3. Sliding mode control

A simple approach to robust control is the sliding mode meth-
odology in which the nth-order problem is replaced by an equiva-
lent first-order system. Consider the nonlinear dynamic system
with a single-input [21]:

yðnÞ ¼ f ð�yÞ þ gð�yÞu ð3Þ

where the scalar y is the output, u is the control input and
�y ¼ y _y . . . yðn�1Þ� �

is the state vector. f ð�yÞ and gð�yÞ are nonlinear
functions of time and states. These functions may have uncertain-
ties, but they are bounded by known continuous functions of y
and t. A sliding surface can be defined as

sðy; tÞ ¼ d
dt
þ k

� �n�1ey
where ey ¼ y� yd is the tracking error, yd is the desired state to be
tracked and k is a positive constant. The control law u of Eq. (3)
must be chosen such that:

1
2

d
dt

s2 ¼ s_s 6 �gjsj ð4Þ

where g is a positive constant. Eq. (4) indicates that the squared dis-
tance to the surface decreases along all system trajectories, so it
causes the trajectories move towards the surface s. Since three
transfer functions in Eq. (2) are represented by a third-order differ-
ential equation, consider

yð3Þ ¼ f ðy; _y; €yÞ þ bu

where the nonlinear dynamic function f ðy; _y; €yÞ is not exactly
known, but estimated as f̂ ðy; _y; €yÞ and control gain b is varied be-
tween two extreme limits as 0 < bmin < b < bmax. The estimation er-
ror on f is assumed to be bounded by some known function Fðy; _y; €yÞ
such that:

jf̂ � f j 6 F ð5Þ

In order yðtÞ to track ydðtÞ, sliding surface s ¼ 0 is defined as

s ¼ d
dt
þ k

� �ð2Þey ¼ €ey þ 2k _ey þ k2ey
where ey ¼ y� yd is the tracking error. The best approximation û of a
continuous control law that would achieve _s ¼ 0 is

û ¼ �f̂ þ yð3Þd � 2k€ey � k2 _ey ð6Þ

In spite of the uncertainty associated with the dynamics f, to
satisfy the sliding condition, a discontinuous term across the sur-
face s ¼ 0 is added as follows:

u ¼ b̂�1½û� K � sgnðsÞ�; b̂ ¼ ðbminbmaxÞ1=2

where sgn is the sign function. It can be shown that by letting

K P bðF þ gÞ þ ðb� 1Þjûj; b ¼ ðbmax=bminÞ1=2 ð7Þ

Condition in Eq. (4) will be satisfied [21]. To improve perfor-
mance, chattering must be eliminated. To achieve this, the control
discontinuity must be smoothed in a thin boundary layer around
the switching surface. So, the sign function is replaced by the sat-
uration function, and the control input u is modified to

u ¼ b̂�1½û� K � satðs=UÞ�

satðs=UÞ ¼
s=/ jsj 6 U

sgnðsÞ otherwise

� ð8Þ

where U is the thickness of boundary layer and e ¼ U=kn�1 is the
width of boundary layer. Using control law of Eq. (8) guarantees
the tracking within a precision e.
4. Robust control of the boiler system

The general control configuration is shown in Fig. 3a where P is
the generalized plant and K is the generalized controller [22]. The
overall objective is to minimize some norm of the transfer function
from w to z. Therefore, based on the information in v, the controller
design problem is to find a controller K which produces the control
signal u that counteracts the influence of w on z by minimizing the
closed loop norm kTwzk1.

The matrix D is a block diagonal matrix that includes all possi-
ble perturbations to the system. It is usually normalized such that
kDk1 6 1. The block diagram of Fig. 3a is in terms of P which is
used for synthesis. By using K to close a lower loop around P, this
block diagram can be transformed into the block diagram in terms
of N for analysis as shown in Fig. 3b. By partitioning P according to
the controller K and using lower linear fractional transformation
(LFT) results in (Appendix B)

N ¼ FLðP;KÞ ¼ P11 þ P12KðI � P22KÞ�1P21

As shown in Fig. 3b, D is used to close the upper loop around N.
Therefore the perturbed (uncertain) transfer function from exter-
nal inputs w to external outputs z can be evaluated by an upper lin-
ear fractional transformation (LFT) as

z ¼ FuðN;DÞw; FuðN;DÞ ¼ N22 þ N21DðI � N11DÞ�1N12 ð9Þ

Suitable practical approaches such as DK-iteration can be used
to find the l-optimal controller. In a practical case, each source
of uncertainty is represented by a perturbation block Di which is
normalized such that kDik 6 1.

4.1. H1 Control design

Consider a schematic of H1 design as shown in Fig. 4 in which
GðsÞ;KðsÞ represent plant and controller and e; y; r;u; d; di are the
tracking error, output variable, reference input, controlled system
input, output disturbance and input disturbance, respectively.
Weighting functions of H1 design are WP;Wm;Wu. ee; eu; ey are
weighted tracking error, control input and undisturbed system
output. The system sensitivity function, S ¼ ðI þ GKÞ�1, is the trans-
fer function between output y and disturbance d and between
tracking error e and the reference input r. Since kSk1 is a good tool
to measure the disturbance rejection and tracking performance of
the closed-loop system, a small value of it is appropriate.

In contrast, system complementary sensitivity function,
T ¼ GKðI þ GKÞ�1, is the transfer function between output y and
reference input r. In an ideal situation, y ¼ r; so it is desire to have
jTðjxÞj ¼ 1 at frequencies of tracking. Since Sþ T ¼ I, to achieve
suitable nominal performance and robust stability, it is not possi-
ble to make both kSk1 and kTk1 small with together. Instead, the
weighted sensitivity function, kWPSk1, and the weighted comple-
mentary sensitivity function, kWmTk1, are minimized. WP is the
performance weight which is large enough at low frequencies



Fig. 4. Schematic of H1 design.
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where a suitable nominal performance is desired. Wm is an upper
bound function on possible multiplicative uncertainties which is
large enough at high frequencies where large model uncertainties
may occur. Also, to achieve robustness or restrict the magnitude of
the input signals, u ¼ KSðr � d� GdiÞ, an upper bound 1=jWuj on
the magnitude of KS is considered. Usually a stacking approach is
used to combine this mixed sensitivity, resulting in the following
overall specifications:

kNk1 ¼max
x

�rðNðjxÞÞ < 1; N ¼
WpS

WuKS

WmT

�������
�������
1

To measure the size of the matrix N at each frequency, the max-
imum singular value �rðNðjxÞÞ is used. After selecting the form of N
and the weights, the H1 optimal controller is obtained by solving
the problem

min
K
kNðKÞk1

where K is a stabilizing controller.

4.2. Obtaining the weight for complex uncertainty

Dynamic uncertainty is not exact and as a result it is difficult to
be quantified. However the frequency domain is applied effectively
for this class of uncertainty. This results in complex perturbations
which are normalized such that kDk1 6 1. In this paper and many
other practical cases, the various sources of dynamic uncertainty
can be represented in the form of multiplicative input uncertainty
as shown in Fig. 5 and described as

GpðsÞ ¼ GðsÞð1þWmðsÞDIðsÞÞ; jDIðjxÞj 6 1; 8x|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
kDIk161

where the GðsÞ and GpðsÞ are the nominal and perturbed plants,
respectively. DIðsÞ is any stable transfer function with a magnitude
less or equal to 1, at each frequency. WmðsÞ is the weight function
and is determined as below:
Fig. 5. Feedback system with multiplicative input uncertainty.

Fig. 6. Disk approximation (solid line) of the original uncertainty region (dashed
line).
lIðxÞ ¼max
Gp2P

GpðjxÞ
GðjxÞ � 1
				

				; jWmðjxÞjP lIðxÞ; 8x ð10Þ

where P is the set of possible perturbed plant models. In fact, as
shown in Nyquist plot in Fig. 6, the original complex uncertainty,
GpðsÞ, is replaced by a conservative disc type approximation, G0pðsÞ,
of radius jWmðjxÞGðjxÞj.

4.3. Nominal performance (NP), robust stability (RS) and robust
performance (RP)

Consider a SISO system with multiplicative uncertainty as
shown in Fig. 5, and assume that the closed loop is nominally sta-
ble (NS). The conditions for nominal performance (NP), robust sta-
bility (RS) and robust performance (RP) are summarized as [17]

NP () jWPSj < 1; 8x ð11aÞ
RS () jWmTj < 1; 8x ð11bÞ
RP () jWPSj þ jWmTj < 1; 8x ð11cÞ

In general, to analyze NP, RS and RP the structured singular value
l is used (Appendix C). Firstly, the uncertain system is represented
in a ND – structure as shown in Fig. 3, where the block diagonal per-
turbations satisfy kDk1 6 1. Using Eq. (9) and introducing

F ¼ FuðN;DÞ ¼ N22 þ N21DðI � N11DÞ�1N12

where N ¼
WmTI WIKS
WPSG WPS


 �
and TI ¼ KGðI þ KGÞ�1

; S ¼ ðI þ GKÞ�1

ð12Þ

and by considering the robust performance requirement as
kFk1 6 1 for all possible perturbations, yields [17]:

NS () N ðinternally stableÞ ð13aÞ
NP () �rðN22Þ ¼ lDP

< 1; 8x and NS ð13bÞ
RS () lDðN11Þ < 1; 8x and NS ð13cÞ
RP () lD̂ðNÞ < 1; 8x and NS ð13dÞ

where D̂ ¼ D 0
0 DP


 �

D is a block diagonal matrix that its detailed structure depends
on the represented uncertainty and DP is always a full complex ma-
trix indicating the H1 performance specification. DP is not neces-
sarily a square matrix.

5. Simulation, discussion and results

In order to simulate the boiler performance, the nominal oper-
ating condition of boiler system is considered as [18]:

� Two utility boilers, three CO boilers and two OTSG’s are online.
The two utility boilers are operated in parallel at equal load.

� Total steam load for 6.306 Mpa collector is 315 kg/s.
� Total electrical output of steam turbine is 145.53 MW.
At this operating point, for each of the two UBs:

y0 ¼
y10

y20

y30

2
4

3
5 ¼ 1:0

6:47
466:7

2
4

3
5; u0 ¼

u10

u20

u30

2
4

3
5 ¼ 40:68

2:102
0

2
4

3
5 ð14Þ

In addition, the following limit constraints exist for control
signals:

0 6 u1 6 120; 0 6 u2 6 7

Consider that an increase of 10% in water level of drum y1, an
increase of 5% in drum pressure y2 and a decrease of 10 percent
in the steam temperature y3 are desired. So with considering Eq.
(14), the desired input vector r(t) will be:
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rðtÞ ¼
1:1 ðmÞ
6:77 ðMpaÞ
420 ð�CÞ

2
64

3
75 ð15Þ
Fig. 7. Time response of open-loop system with respect to (a) 10% increase in water
temperature.

Fig. 8. Time response of the closed-loop system after applying sliding mode controller to
decrease in steam temperature.
Responses of three open-loop systems to the desired input vec-
tor r(t) is shown in Fig. 7. As shown, output variables y1; y2 and y3

do not follow the desired inputs of Eq. (15) and the response of sys-
tem associate with steady state error.
level of drum, (b) 5% increase in drum pressure and (c) 10% decrease in steam

(a) 10% increase in water level of drum, (b) 5% increase in drum pressure and (c) 10%
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5.1. Sliding mode controller

A practical example case of boiler performance is considered for
simulation with the parameters given in Eq. (2) and Table 1. Con-
sider �20% uncertainty in these values as

0:8�ai < ai < 1:2�ai;

0:8�bi < bi < 1:2�bi;

0:8�ci < ci < 1:2�ci;

0:8�ki < ki < 1:2�ki

ð16Þ

These ranges of model uncertainties are chosen such that in-
cludes the worst case of uncertainties in a practical model of boiler
unit. According to Eq. (2), the transfer function between water level
of drum y1 and feedwater mass rate u1 can be represented as (case-
1):

yð3Þ1 ¼ ��a1€y1 � �a2 _y1 � �a3y1 þ kau1

Comparing the above equation with Eq. (3), yields

f ¼ ��a1€y1 � �a2 _y1 � �a3y1

Considering the uncertain parameters given in Eq. (16), esti-
mated function f̂ can be considered as f̂ ¼ f . By defining
F ¼ 0:5jf j, Eq. (5) is satisfied. It is desired to track the desired out-
puts ri, so €ydi

¼ _ydi
¼ 0. According to Eqs. (7) and (8), control law is

u1 ¼
1:02

�ka
� û� ð1:22ðF þ gÞ þ 0:22jûjÞ � sat

s
/

� �
 �

where s ¼ €y1 þ 2k _y1 þ k2ðy1 � yd1
Þ; û is constructed according to Eq.

(6), and

b̂1 ¼ kamin
� kamax

� �1=2 ¼ 0:98�ka

b1 ¼
kamax
kamin

� �1=2
¼ 1:22�ka
Fig. 9. Variation of control signals of sliding mode controller; feedwater mass rate for (a
pressure and (c) 10% decrease in steam temperature.
Also, after several trials to achieve a good performance of con-
troller, the slope of sliding surface, k ¼ 0:5; the boundary layer
thickness, U ¼ 0:01; and g ¼ 10 are found to be appropriate. Sim-
ilarly by using the same procedure as mentioned, for case-2 (trans-
fer function between drum pressure y2 and fuel mass rate u2Þ and
case-3 (transfer function between steam temperature y3 and fuel
mass rate u2Þ, the sliding mode controller can be designed.

At the operating point mentioned in Eq. (14) and as shown in
Fig. 7, the open-loop system does not track the desired input vector
of Eq. (15). Fig. 8 shows the response of the closed-loop system
after applying the sliding mode controller in the presence of para-
metric uncertainties of Eq. (16). As this figure shows, water level of
drum y1, drum pressure y2 and steam temperature y3 track the de-
sired inputs r1 ¼ 1:1 m;r2 ¼ 6:77 Mpa and r3 ¼ 420 �C without
steady state error. Fig. 9 shows the control signals u1 and u2 that
satisfy the limit constraints of Eq. (14). Fig. 10 shows the system
trajectory for case-1 which starts from y1ð0Þ ¼ 1; _y1ð0Þ ¼ 0 and
ends to y1ð0Þ ¼ 1:1; _y1ð0Þ ¼ 0. Fig. 11 shows the variation of s that
satisfies the condition jsj < U.

5.2. Robust H1 controller

Considering the extreme values of Eq. (16) for perturbed plants
G1;G2;G3 and using Eq. (10), the corresponding relative errors
jðGp � GÞ=Gj are found. Fig. 12 shows this error as a-function of fre-
quency for 24 resulting GP ’s for case-1. According to this figure and
similar figures for cases 2 and 3 (that are not shown), the weight
functions of model uncertainty are found as

Wm1ðsÞ ¼
0:1sþ 0:04

sþ 0:03

Wm2ðsÞ ¼Wm3ðsÞ ¼
0:1sþ 0:03

sþ 0:03

ð17Þ

An appropriate performance weight WP can be represented as
[17]:
) 10% increase in water level of drum and fuel mass rate for (b) 5% increase in drum



Fig. 10. Sliding surface for the dynamic model.

Fig. 11. s-trajectories with time-constant boundary layers.

Fig. 12. Relative errors jðGp � GÞ=Gj for 24 perturbed plants of case 1.

Fig. 14. l-plots for boiler system after applying optimal robust controller.

Table 2
Constant values of optimal robust controllers.

k1 7:5� 103 a1 10 b1 100
k2 2:1� 102 a2 5 b2 40
k3 3:2� 102 a3 8 b3 50

Fig. 13. l-plots for boiler system with inverse-based controller.
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WPðsÞ ¼
s=M þx	B
sþx	BA

So 1=jWPj, the upper bound on jSj, is equal to A (typically A 
 0Þ
at low frequencies and is equal to M P 1 at high frequencies, and
the asymptote crosses 1 at the frequency x	B, which is approxi-
mately the bandwidth requirement. The parameters A;M and x	B
are in correlation with steady state tracking error, maximum peak
magnitude and speed of time response. To have an appropriate re-
sponse, a maximum overshoot of 10% and rise time about 2 s, and a
perfect tracking (error 
0), the performance weight is

WPðsÞ ¼
s=1:05þ 1:5

sþ 1:5� 10�4 ð18Þ

Weight functions of Eq. (17), performance weight of Eq. (18) are
used in a l-analysis program using Matlab Robust Control Toolbox.
After several trials, the corresponding inverse-based controller
which satisfy the robust stability (RS) and nominal performance
(NP) are found for three cases as

Kinv;iðsÞ ¼
10
s2 G�1

i ðsÞ i ¼ 1;2;3

Gi;Kinv ;i and S; SG;KS; T are stable, so the system is nominally
stable (NS). Since the sensitivity function jSj and performance
weight WP are the same for all three cases and the uncertainty
weights Wm are almost the same, generally the l-plots for three
cases are similar, as shown in Fig. 13. As it is shown, robust stabil-
ity and nominal performance are satisfied while robust perfor-
mance is not satisfied in some frequencies (around x ¼ 1 rad=sÞ.
Comparing Eqs. (12) and (13c) show that robust stability (RS) is
satisfied if kWmTk1 6 1. According to Fig. 13, kWmTk1 ¼ 0:66,
which indicates that the uncertainty may increase by a factor of



Fig. 15. Time response of the closed-loop system after applying the optimal robust controller to (a) 10% increase in water level of drum, (b) 5% increase in drum pressure and
(c) 10% decrease in steam temperature.

Fig. 16. Variation of control signals of optimal robust controller; feedwater mass rate for (a) 10% increase in water level of drum and fuel mass rate for (b) 5% increase in drum
pressure and (c) 10% decrease in steam temperature.
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1/0.66=1.51 before the worst-case uncertainty yields instability.
Similarly, it can be shown that the kKSk1 6 1, which indicates that
there is no saturation in control signal u.

Since the robust performance is not satisfied, poor time re-
sponses of output variables, including water level of drum, drum
pressure and steam temperature, are expected. Although an in-
verse-based controller can be designed easily, it does not exert
an appropriate robust performance. To achieve an optimal robust
controller a DK-iteration algorithm is applied. However, DK-itera-
tion results in controllers of high orders. For three cases of boiler
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model, optimal robust controllers of order 11 are achieved which
are approximated with the controllers of order 2, as follows (by
using a MATLAB Toolbox and Bode diagram):

koptimali ¼ ki
sþ ai

ðsþ biÞ
2

where the constants ki;ai;bi are given in Table 2. Fig. 14 shows the
l-plots for case-1 after applying optimal robust controller 1. l-plots
for cases 2 and 3 can be found in a similar way. According to the
Fig. 14, robust stability, nominal performance and robust perfor-
mance are satisfied.

5.3. A comparison between sliding mode control and robust control

Consider again the Eqs. (14) and (15) which indicate that an in-
crease of 10% in water level of drum y1, an increase of 5% in drum
pressure y2 and a decrease of 10% in the steam temperature y3 are
desired. As shown in Fig. 7, in open-loop system, output variables
do not track the desired inputs without steady state error. Fig. 15
shows the response of the worst perturbed plant after applying
the optimal robust controller. In comparison with the results of
sliding mode controller as shown in Fig. 8, after applying the opti-
mal robust controller, system track the desired inputs in a less
time. For example, the system with optimal robust controller
tracks the desired water level of drum (1.1 m) after around 8 s
while the system with sliding mode controller tracks it around
18 s. Fig. 16 shows the control signals u1 and u2 that satisfy the lim-
it constraints of Eq. (14). In contrary to the Fig. 9 which shows the
control signals of sliding mode controller, control signals produced
by optimal robust controller are smoother. In addition, in the case
of optimal robust control, the control signals reach to their final
steady state values in a less time. For example, to track the desire
steam temperature (420 �C), fuel mass rate approaches to its final
value around 10 s for the optimal robust controller while for the
sliding mode controller it is around 28 s. However, the final steady
state values of control signals for the optimal robust controller are
larger than that of sliding mode. For example, to track the desired
drum pressure (6.77 Mpa), the final value of fuel mass rate for opti-
mal robust controller is 4.1 kg/s while for the sliding mode control-
ler is around 3.6 kg/s.
Fig. 17. Variation of feedwater and fuel mass rates, in Eq. (1), for an increase of 10%
in water level of drum [19].
6. Conclusions

In this paper, a linear time invariant (LTI) model of a boiler sys-
tem is considered in which the input variables are feed-water and
fuel mass rates and the output variables are water level of drum,
drum pressure and steam temperature. According to the experi-
ment, since the water level of drum is more affected by feedwater
mass rate and drum pressure and steam temperature are more af-
fected by fuel mass rate, it is shown that the multi input–multi
output dynamic model can be separated to three single input–sin-
gle output systems. The dynamic model of the boiler may associate
with parametric uncertainties. After modelling parametric uncer-
tainties, first a sliding mode controller is designed which guaran-
tees the command tracking objective of the system. Then the
parametric uncertainties are represented in the form of multiplica-
tive input uncertainty and l-synthesis is used to analyze nominal
performance, robust stability and robust performance of the uncer-
tain system. Although designing an inverse-base controller is more
convenient but it does not guarantee the robust performance of the
system. So by using a DK-iteration algorithm, an optimal robust
controller is designed which results in robust performance of the
system against parametric uncertainties.

In comparison, after applying the optimal robust controller, dy-
namic system tracks the desired inputs in a less time with respect
to the system using sliding mode controller. Also control signals
produced by optimal robust controller are smoother and reach to
their final steady state values in a less time. However, the final
steady state values of control signals (feedwater and fuel mass
rates) for the optimal robust controller are larger than that of slid-
ing mode controller which results in more costly efforts.

Appendix A

Consider the Eqs. (14) and (15) which indicate that an increase
of 10 percent in water level of drum, an increase of 5% in drum
pressure and a decrease of 10% in the steam temperature in Eq.
(1) are desired. According to the result of [19], Fig. 17 shows the
variation of feedwater mass rate and fuel mass rate as the control
signals for an increase of 10% in water level of drum. As Fig. 17
shows, feedwater mass rate must increase from its initial value
(40.68 kg/s) to a final value (68 kg/s) while there is no significant
change in the fuel mass rate. So it can be concluded that water le-
vel of drum is more affected by feedwater mass rate. Fig. 18 shows
the variation of feedwater mass rate and fuel mass rate for an in-
crease of 5% in drum pressure [19]. As Fig. 18 shows, fuel mass rate
must increase from its initial value (2.1 kg/s) to a final value
(3.1 kg/s) while there is no significant change in the feedwater
mass rate. So it can be concluded that drum pressure is more af-
fected by fuel mass rate. Similarly it can be shown that steam tem-
perature is more affected by fuel mass rate [19].

Appendix B

Consider a matrix P of dimension ðn1 þ n2Þ � ðm1 þm2Þ and par-
tition it as [22]

P ¼
P11 P12

P21 P22


 �
ðB:1Þ

Let the matrices D and K have dimensions ðm1 � n1Þ and
ðm2 � n2Þ, respectively (compatible with upper and lower parti-



Fig. 18. Variation of feedwater and fuel mass rates, in Eq. (1), for an increase of 5%
in drum pressure [19].
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tions of P). The following notation for lower and upper linear frac-
tional transformation are defined as

FLðP;KÞ¼D P11 þ P12KðI � P22KÞ�1P21 ðB:2Þ

FuðP;DÞ¼
D P22 þ P21DðI � P11DÞ�1P12 ðB:3Þ
Appendix C

Let M be a given complex matrix and let D ¼ diag Dif g denote a
set of complex matrices with �rðDÞ 6 1 and with a given block diag-
onal structure in which some of blocks may be repeated and some
of the blocks may be restricted to be real. Real non-negative func-
tion lðDÞ called the structural singular value, is defined by [22]

lðMÞ ¼ 1
min kmjdetðI � kmDMÞ ¼ 0 for structure D; �rðDÞ 6 1f g

If no such structured D exists then lðMÞ ¼ 0. A value of l ¼ 1
means that there exists a perturbation with �rðDÞ ¼ 1 which is just
large enough to make I �MD singular. A large value of l is bad as it
means that a smaller perturbation makes I �MD singular, whereas
a smaller value of l is good.
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